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Abstract
In tropical regions, fires propagate readily in grasslands but typically consume only edges of forest patches. Thus
forest patches grow due to tree propagation and shrink by fires in surrounding grasslands. The interplay between these
competing edge effects is unknown, but critical in determining the shape and stability of individual forest patches, as
well the landscape-level spatial distribution and stability of forests. We analyze high-resolution remote-sensing data
from protected areas of the Brazilian Cerrado and find that forest shapes obey a robust perimeter-area scaling relation
across climatic zones. We explain this scaling by introducing a heterogeneous fire propagation model of tropical
forest-grassland ecotones. Deviations from this perimeter-area relation determine the stability of individual forest
patches. At a larger scale, our model predicts that the relative rates of tree growth due to propagative expansion and
long-distance seed dispersal determine whether collapse of regional-scale tree cover is continuous or discontinuous as
fire frequency changes.
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INTRODUCTION
In a variety of ecosystems, a small change in a driving parameter can result in a dramatic shift between disparate
regimes. Prominent examples include the eutrophication of lakes (Conley et al., 2009; Smith and Schindler, 2009),
the degradation of coral reefs (Mumby et al., 2007), and the collapse of forests (Cochrane et al., 1999; Scheffer et al.,
2001). In the particular case of tropical rainforests, it is hypothesized that an abrupt shift between grass- and forest-
dominated regimes is due to a fire-mediated bistability (Dantas et al., 2016; Hirota et al., 2011; Staver et al., 2011).
This recent work has demonstrated a bistability at the macroscale and highlights the importance of fire as a feedback
mechanism that leads to this bistability. However, vegetation-fire feedbacks are inherently local spatial processes
(Laurance et al., 2002; Laurance and Yensen, 1991). Incorporating such local processes may help understand how the
size and shape of individual forest fragments determine patterns in, and the stability of, the composite system at the
regional scale.
In tropical regions, fires that start in grassland typically burn only the edges of forested regions, but do not spread
within the forest (Brinck et al., 2017; Cochrane and Laurance, 2002; Hoffmann et al., 2012b; Laurance et al., 2002;
Uhl and Kauffman, 1990). This behavior starkly contrasts with wildfires in temperate forests, where the fire spreads
readily through the trees via local ignition of neighboring trees (Romme and Despain, 1989; Turner, 2005). This
characteristic of fire propagation in the tropics suggests that the ratio of the perimeter of a forested patch (trees
adjacent to grassland) to its area (i.e., its protected interior) determines the relative vulnerability of such a patch to
fire. On the other hand, the perimeter also determines the potential for the outward expansion of a forested patch due
to new tree growth at the perimeter. Thus the stability of an individual forest patch must depend on its shape as a
result of the interplay between recession due to exposure to fire and expansion due to perimeter-mediated growth.
At a larger scale, in Neotropical systems, burning has led to large-scale forest fragmentation so that areas that
were once covered by forest subsequently consist of disjoint forest patches that are interspersed with grassy areas; we
term this type of morphology as savanna (Cochrane, 2003; Cochrane et al., 1999; Nepstad et al., 1999; Pueyo et al.,
2010). The state of the system is then driven by the collective fate of its constituent forest patches. Hence, edge
effects have the potential to drive the dynamics of forest patches at all scales: from the collapse of individual patches
to large-scale regime shifts between forest and savanna. While it has been shown that harsher conditions at patch
edges are deleterious to trees and increase the trees’ tendency to burn (Laurance et al., 2002; Laurance and Yensen,
1991; Uhl and Kauffman, 1990), the way such edge effects scale up to determinate the shape and stability of forest
patches is unknown.
In this work, we investigate the mechanisms that govern the size and shapes of forests in the Brazilian Cerrado, and
attempt to understand how perturbations in the shape of a forest can affect its stability. To do so, we first examine high-
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resolution satellite imagery (∼ 30 × 30m resolution (Hansen et al., 2013)) of savanna-forest ecotones in the Cerrado
to quantify the statistical properties of the forested areas. We find a robust scaling relation between the perimeter, P,
and area, A, of forest patches, in which P ∼ Aγ with γ ≈ 0.69.
To explain these observations, we introduce a mechanistic forest-fire model that is specifically tailored to account
for the particular phenomenology of fire propagation in tropical regions that consist of both forested and grassy areas.
In our model, fires spread readily through grass but less readily through forested areas. We denote this heterogeneously
burning grass and trees process as the BGT model. The spatial version of the BGT model reproduces the same
perimeter to area scaling relationship that we observe in the empirical data. We also show that deviations from this
area-perimeter relation can be used to infer the stability of individual forest patches and thus suggest what interventions
might lead to, or prevent, forest fragmentation and the collapse of forest cover. These local spatial features appear
remarkably robust to changes in model parameters.
Finally, we observe interesting macro-scale (>> 30m) behavior in both simulations of our spatial BGT model
and numerical solutions of its mean-field version. Specifically, both models exhibit a cusp bifurcation (Kuznetsov,
2013) in total tree cover, in which both discontinuous (first-order) or continuous (second-order) transitions observed
between forested and savanna states as a function of model parameters. In the former case, microscopic perturbations
to parameters can lead to macroscopic changes in the amount of forest cover.
MATERIAL AND METHODS
Data Collection
The Brazilian Cerrado contains a mosaic of grassy areas and forests that are interspersed throughout the landscape
(Fig. 1A-C). We downloaded tree cover data for the year 2000 (Hansen et al. (2013), available from:
http://earthenginepartners.appspot.com/science-2013-global-forest) and analyzed the subset of this data that corre-
sponds to 86 Category-II protected areas in the Brazilian Cerrado (IUC, 2016), corresponding to a total area of 5.16
million hectares. We focused on the Cerrado because of its mixed forest-savanna ecotone and specifically IUCN-
designated protected areas within it to assess fire dynamics in forests and grasslands where there has been no deliberate
human intervention. The resolution of the data is 30 × 30m and each cell is characterized by a continuous tree-cover
variable (Hansen et al., 2013), from which we assign each cell as either forest when it contains > 50% tree cover
or grass when it contains < 50% tree cover. The distribution of tree cover in these cells follows a roughly bimodal
distribution, with peaks at very high and very low tree cover, see Appendix Fig. A.2. Consequently, our definitions
for forest and grass patches are not sensitive to minor changes in the threshold used. As a check, we performed a sen-
sitivity analysis to our assumption of a 50% threshold, and replicated the analysis using a 75% tree cover threshold.
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Figure 1: Forest shapes. (A) Mixed forest-grassland ecosystem characteristic of the study region, the Brazilian Cerrado. (B) Raw forest cover
percentage inferred from the high-resolution remote-sensing data, over a 4 km × 4 km area. (C) Binary grass-forest state obtained using a 50%
threshold on the data of panel (B). (D) Snapshot of our spatial model, with same color scheme and spatial scale as (C). (E) Perimeter versus area
of individual forest patches. The circles denote empirical data (separated in three classes according to precipitation levels) while the triangles show
one set of simulation data (see Table 1 for parameter values).
The results are reported below and consistent with those found using the 50% threshold (Table 1).
We then combined forest cells that shared an edge into discrete forest patches, and discarded any patches that were
not fully contained within the area of interest since the perimeters of these boundary patches would be artificially short.
From this data, we then calculated the area and perimeter length of each forest patch.
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Table 1: Summary of scaling results for simulations and empirical data.
Description Lattice size Time step pλ pα pβ p f pG pT pµ Scaling Confidence interval Presented
low α/β ratio 768 one year 1.0 0.03 0.0003 6.2 · 10−7 0.9 0.1 1.0 0.68947 [0.68205 0.69698]
S
i
m
u
l
a
t
i
o
n
s medium α/β ratio 768 one year 1.0 0.03 0.001 7.0 · 10−7 0.9 0.1 1.0 0.71111 [0.70150 0.72083] Fig. 1
alternate lattice 512 one year 1.0 0.03 0.001 1.6 · 10−6 0.9 0.1 1.0 0.70690 [0.69718 0.71672] Fig. 2
alternate fire spread 512 one year 1.0 0.03 0.0003 7.0 · 10−7 0.8 0.2 1.0 0.68639 [0.67746 0.69541]
alternate time step 512 1/10 year 0.1 0.004 10−5 4.0 · 10−7 0.9 0.1 1.0 0.66622 [0.66077 0.67170]
high α/β ratio 1 256 1/10 year 0.1 0.022 1.0 · 10−6 3.4 · 10−6 0.9 0.1 1.0 0.66914 [0.64761 0.69130] Appendix Fig. C4
high α/β ratio 2 256 1/10 year 0.1 0.0022 2.0 · 10−6 3.9 · 10−6 0.9 0.1 1.0 0.69191 [0.68228 0.70166]
50% all data – – – – – – – – – 0.69167 [0.68234, 0.70111]
75% all data – – – – – – – – – 0.68382 [0.67577, 0.69195]
E
m
p
i
r
i
c
a
l
50% low precip. – – – – – – – – – 0.69630 [0.67682, 0.71623] Fig. 1
50% med. precip. – – – – – – – – – 0.70435 [0.69262, 0.71625] Fig. 1
50% high precip. – – – – – – – – – 0.67826 [0.65163, 0.70585] Fig. 1
75% low precip. – – – – – – – – – 0.70748 [0.69649, 0.71861]
75% med. precip. – – – – – – – – – 0.70000 [0.68601, 0.71424]
75% high precip. – – – – – – – – – 0.65833 [0.63144, 0.68620]
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Spatial BGT Model
We are interested in understanding how the feedback between fire and the regrowth of vegetation determines
the distribution of forest shapes and how the geometrical shape of a forest determines its stability. To this end, we
formulate a spatial version of our BGT model that incorporates the basic features that forest patches primarily grow
outward at their perimeters and burn exclusively at their edges. The four fundamental aspects of our model that
parsimoniously account for tropical forest-grassland fire dynamics are: (a) trees spread both locally at the perimeter
and spontaneously due to seed dispersal; (b) fires sporadically start in grassland but not in forests; (c) fires percolate
readily in grassland; (d) fires percolate only a short distance into forested areas (Cochrane and Laurance, 2002;
Hoffmann et al., 2012b; Laurance et al., 2002). This model is similar to, yet more parsimonious than, other cellular
automata (CA) forest-fire models designed for tropical forest-savanna systems (Berjak and Hearne, 2002; Favier et al.,
2004; Yassemi et al., 2008); however, it contrasts with CA forest fire models from the physics literature (Bak et al.,
1990; Chen et al., 1990; Clar et al., 1996; Drossel and Schwabl, 1992; Grassberger, 2002) in that it incorporates
heterogeneous burning between grass and trees, and both propagative and dispersed tree growth. These are the key
features that allow us to look at forest shapes in a novel way.
We discretize the land area as a two-dimensional lattice (with periodic boundary conditions) where sites interact
with their four nearest neighbors. Each site can be occupied by trees, by grass, by ash/dirt, or by burning material—
either burning grass or trees. At each time step, the densities of tree, grass, ash, and burning sites, T , G, A, and B
evolve according to the following processes:
1. Grass growth: An ash site turns to a grass site with probability pλ.
2. Tree spreading: A tree site converts a neighboring grass or ash site into another tree site with probability pα.
3. Spontaneous tree growth: Any grass or ash site can turn into a tree site with a small probability pβ. Such a
process arises from the long-distance dispersal of tree seeds.
4. Fire ignition and propagation: A grass site ignites with probability p f . Once a fire starts, it spreads as follows:
(a) grass sites ignite with high probability pG while (b) tree sites ignite with small probability pT , both from every
neighboring burning site. A burning site turns to ash after having the opportunity to spread to neighbouring
sites. We repeat this spreading process until no active fires remain. This means fires are ‘instantaneous’ when
compared to other timescales.
The first three steps account, in a minimalist way, for vegetation growth, while the final step accounts for con-
sumption of vegetation by fire. The system is typically initialized in a state with no trees. Simulations begin with a
500-time-step burn-in period, to reach the steady state, before we start recording results, which is done only every 50
time steps to avoid autocorrelations.
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Parameter values
Timescale: It is helpful define a time step to fix appropriate parameter values. We choose an annual timescale, so
that one time step of the model corresponds to one year. To determined the sensitivity of our simulation results to the
choice of time step, we also simulate the case in which a time step corresponds to 1/10th of a year and adjust pλ such
that our fastest rate, the rate of grass growth, remains the same. This sampling over different time scales allows us to
test the impact, or lack thereof in this case, of having either an instantaneous or probabilistic grass regrowth.
Grass growth: Tropical grasses grow back roughly annually, and grass fire intensity saturates after one year
(Govender et al., 2006). Therefore, in simulations with an annual time step we use pλ = 1, whereas we use pλ = 0.1
for a time step equal to a tenth of a year — both corresponding to grass growing back on an annual time scale.
Forest propagation: Based on tree maturation times on the order of several decades (Hoffmann et al., 2012a,
2003; Rossatto et al., 2009) and our cell size of 30× 30 meters, we estimate that a forest propagates at ∼ 1m/year, and
therefore set pβ = 0.03, which is also consistent with empirical observations (Durigan and Ratter, 2006) and previous
modeling efforts (Favier et al., 2004).
Forest dispersal: Obtaining a quantitative estimate of the rate of generation of new forest patches due to seed
dispersal is more difficult. Although long-distance dispersal is common (Fragoso et al., 2003; Nathan, 2006; Nathan
et al., 2008), the rate at which new forest patches appear should be much lower than that of propagative forest growth
(Clark et al., 1999). Because our model has no memory of how long ago each patch was burned, the probability for
creating a new forest patch must incorporate not only the probability of seed dispersal, but also the probability that
such a patch avoids fire long enough for a 30× 30 meter stand of trees to mature and close a canopy. Therefore we set
that rate to be at least a factor of 30 lower than propagative forest growth. However, because of the uncertainty in this
rate we explore a large range of values for pβ in our simulations.
Fire ignition: Typically, any given grassy area in this region burns every 3–7 years (Hoffmann et al., 2012a;
Oliveira and Marquis, 2002). We therefore use p f ∼ 1/(5L2), which corresponds to a time for a fire to re-occur at a
given spatial location of approximately 5 years for a simulation on a lattice of linear size L and to a high fire spread
probability through grass (pG).
Fire propagation: Because fires spread readily in grasslands but not through tropical forests (Brinck et al., 2017;
Cochrane and Laurance, 2002; Hoffmann et al., 2012b; Laurance et al., 2002; Uhl and Kauffman, 1990), we use
fire spread probabilities of pG = 0.8 − 0.9 in grass and pT = 0.1 − 0.2 in trees. However our results are robust
as long as pG and pT are respectively above and below the site percolation threshold on the square lattice; that is,
pG > pc = 0.5927 . . . and pT < pc) (Aharony and Stauffer, 2003). This means that a grass fire can percolate throughout
the system, while a tree fire is necessarily finite in spatial extent.
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Spatial scale: Consistent with our dataset, we assume each grid cell corresponds to an area of 30×30m. To check
that our results are insensitive to the lattice size, we simulated lattices from 256 × 256 to 768 × 768.
Please see Table 2 for a summary of parameter descriptions and values.
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Table 2: Parameter descriptions and values used for simulations. Note that the numerical between the mean-field and spatial version of the model should in most cases not be directly compared.
For example, values of pβ and β (and p f and f ) do not directly correspond as the impact of the former depends on system size while the latter is defined in an infinite mean-field system.
Value
Symbol Description Time step Time step
1 year 1/10 year
pλ Probability per time step that grass grows on an ash site 1.0 0.1
pα Probability per time step that a tree site converts an adjacent grass or ash site to a tree site 0.03 0.0022–0.04
S
p
a
t
i
a
l pβ Probability per time step that an ash or grass site, which is not necessarily bordering a tree site, converts to a tree site 0.001–0.0003 10−6–10−5
p f Probability per time step that a grass site spontaneously catches fire 6.2 · 10−7–1.6 · 10−6 4.0 · 10−7–3.9 · 10−6
pG Probability that a fire spreads to an adjacent grass site 0.8–0.9 0.9
pT Probability that a fire spreads to an adjacent tree site 0.1–0.2 0.1
λ Rate at which ash area is converted to grass area 0.05
α Rate at which treed area expands 0.001
M
e
a
n
-
fi
e
l
d β Rate at which grass area spontaneously converts to tree area 0–1
f Rate at which fire spontaneously starts in grass 0–3
ρG Rate at which burning area spreads into grass area 0.9
ρT Rate at which burning area spreads into tree area 0.1
µ Rate at which burning area is converted into ash area 1069
Mean-field BGT Model
To develop an analytical understanding of the nature of the savanna-forest transition, we also formulate a mean-
field version of our spatial BGT model. In this mean-field version description, the only variables are the global
densities of grass, tree, burning and ash sites. The spatial location of sites is are ignored and each site is assumed
to neighbor to every other site. The simplicity of the mean-field description allows us to show analytically that the
BGT model exhibits both a discontinuous and a continuous transition between a stable fully forested state and a
savanna state when basic system parameters, such as fire rate f are varied. A discontinuous transition exhibits a
sudden macroscopic drop in tree cover with a microscopic change in fire frequency, while the tree cover decreases
continuously from a fully-forested state at a continuous transition as a function of model parameters. These transitions
mirror the macroscale behavior observed in simulations of the spatial BGT model.
In the mean-field description, spatial degrees of freedom are neglected and the only variables are B, G, T , and A,
which now denote the global densities of burning sites, grass, trees, and ash. Following the elemental steps 1–4 of the
spatial version outlined above, we show in the appendix that these densities evolve in time as follows:
B˙ = fG + 4ρGBG + 4ρT BT − µB ,
G˙ = λA − (β + f ) G − 4αTG − 4ρG BG ,
T˙ = 4αT (G + A) + βG − 4ρT BT ,
A˙ = B˙ − G˙ − T˙ ,
(1)
where the overdot denotes the time derivative and conservation of the total area mandates that B˙ + G˙ + T˙ + A˙ = 0.
Here, the rates (λ, α, β, f , ρG, ρT ) correspond to the probabilities that were defined in the 4 steps of the spatial BGT
model (see Table 2 for parameter definitions and values). An additional rate—the rate µ at which burning sites turn to
ash—is needed because the continuous-time dynamics of the mean-field description does not allow for instantaneous
events. Instead, the rate at which burning material turns to ash is taken to be arbitrarily large so that it exceeds all
other rates in the system (Table 2).
RESULTS
Empirical
While the shapes of forest patches can be arbitrarily complicated, there are two clear systematic and quantifiable
features of the data. The first is the existence of a scaling relation between the perimeter P and area A of forest patches.
The data for the Cerrado region gives P ∼ Aγ with γ ≈ 0.69 (95% confidence interval [0.68, 0.70]). Similar scaling
10
behavior arises for separate datasets that are partitioned into regions of low (0–1100mm), medium (1100–1800mm),
and high annual precipitation (>1800mm) (Fig. 1E, Table 1) where we find γ ≈ 0.70 for the three precipitation cases.
Note that for a compact shape, such as a circle or a square, γ = 0.5, while for a dendritic shape (in the extreme case, a
line) γ ≈ 1. The data indicate that forest patches have a perimeter to area scaling behavior, with γ ≈ 0.69, consistently
over several orders of magnitude in area. This scaling law also arises in our spatial BGT model (to be discussed in the
next section).
Perimeter to area scaling in the spatial BGT model
Simulations of the spatial BGT model produce a scaling relationship between forest patch perimeters P and their
areas A that is close to what is observed in the Cerrado (Fig. 1E). Using our most realistic parameter values (upper
four rows of Table 1), we observe P ∼ Aγ, with an average value of γ ≈ 0.70 (95% confidence interval [0.69, 0.71]).
Simulations using a wider still range of parameter values and environmental conditions demonstrate the robustness of
the scaling relationship: confidence intervals overlap regardless of the annual rainfall in the Cerrado, and regardless
of the model parameters in our simulations as long as they lie within a large but realistic range of values (Table 1).
In fact, parameter values for fire probability and the relative recruitment rates of trees can be uncertain, and were
explored by varying their values by orders of magnitude in our simulations. The consistency between the data and our
model prediction for the perimeter-area scaling gives credence to the mechanisms underlying the BGT model. This
correspondence between data and theory also allows us to use the BGT model to make non-trivial predictions that are
independent of specific model parameter values, such as predicting the fate of individual forest patches, as we show
in the next section.
Fate of forest patches in the spatial BGT model
The results from our model suggest that forest patches converge on an steady-state shape as a result of the balance
between expansion by tree propagation and their erosion by fire. We numerically test this hypothesis by simulating
the dynamics of individual patches of diverse sizes and shapes in a system that have otherwise reached a steady-state.
For this test, we artificially create a forest patch with a given shape and embed it in a much larger steady-state mosaic
of grassy and forested areas. The size of this artificial patch ranges from 4 cells up to 104 cells. From initially
rectangular patches with aspect ratios in the range of 1:1 to 1:150, we randomly change a fraction of the boundary
tree sites to grass sites, in such a way that the overall patch remains connected and also that most of the allowable
range of perimeter-area space is sampled (Fig. 2). This allowable range spans the physically realizable portion of the
perimeter-area plane where P ∼ Aγ, with 1/2 ≤ γ ≤ 1. A few examples of these initial forest patches of small sizes are
shown in the periphery of Fig. 2. We simulated at least 105 distinct initial forest patches for a given set of parameter
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values and ran each initial state for five years (5 or 50 time steps (Figs. 2 and C.4 respectively), depending on the
timescale). The arrows in Fig. 2 indicate the magnitude and direction of the change in the area and perimeter from the
initial state, averaged over many realizations. If a forest patch is fragmented by fire, we track the largest remaining
fragment of the original forest, this fragmentation mostly occurs in the top half of the allowable shape range (above
the dashed line in Fig. 2). In the bottom half, most forest patches grow in area, but this growth is much slower than
the decrease observed in forests that shrink due to fire. Altogether, this experiment allows us to better understand the
impact of the shape of a specific forest patch on its stability.
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A = 36, P = 24
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Figure 2: Fate of forest patches. Evolution of forest patches of a given area and perimeter over 5 time steps (red arrows) using the “alternate
lattice” set of parameters from Table 1. The 5 time steps therefore provide the expected change in shape over a 5 year period. When a forest is
fragmented by fire, we track the largest remaining connected patch. The blue data points correspond to the empirical data. The allowable cone
corresponds to all possible forest shapes—dendritic shapes at the upper limit, where the perimeter P is proportional to the area A, and compact
shapes at the lower limit, where P ∼ A1/2. Some representative starting configurations and their corresponding locations in the perimeter-area plane
are shown. The dashed curve P ∼ A0.7 corresponds to the locus where the patch evolution is visually the slowest.
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Phase transitions in the spatial BGT model
The state T = 1 is an absorbing state of our model; once trees have invaded the system, no more dynamics can
occur. In our simulations, we therefore always initiated the system at T = 0 to maximize the probability of reaching
the savanna steady state and minimize the probability of reaching the absorbing state. For example, for an initial forest
cover of T = 0.2 and fire probability p f /pλ = 5×10−6 (corresponding to the middle of the bistable regime in Fig. 3A),
a steady savanna state is reached approximately only 10% of the time while the remaining 90% of simulations reach
the absorbing state.
This sensitivity to the initial condition indicates that the system is close to a separatrix in parameter space, where
small changes in the initial densities can lead to the system being driven towards different basins of attractions.
Correspondingly, there is a discontinuous change in the steady state of the system and a concomitant hysteresis for
small changes in the initial condition. These behaviors are consistent with the bistability hypothesized to exist in
tropical forests and savannas (Hirota et al., 2011; Staver et al., 2011) and predicted by related models of mixtures of
grass and forest (Durrett et al., 2015; Schertzer et al., 2015).
The phenomenology that we predict changes drastically when spontaneous tree growth due to seed dispersion is
the dominant contributor to forest growth, a factor that is often omitted in previous models. As illustrated in Fig. 3B,
we set an extreme value of pα = 0 and examine the behavior for a large value of pβ (103 times larger than for the data
in Fig. 3A) that promotes spontaneous tree growth on the grassy areas. In this extreme situation, there is a continuous
transition (no discrete jump in tree cover) between the savanna and the fully forested state, as well as much smaller
fluctuations in the time series of total amount of observed tree cover (Fig. 3B). This scenario with extremely large β
leads to an unrealistically rapid growth of trees, but it also illustrates the importance of the α/β ratio in shaping the
phenomenology of our model. This feature of the BGT model is better studied in its mean-field version.
Phase transitions in the mean-field BGT model
We can solve for the steady states of the rate equations (1) numerically and gain insights into the nature of the
observed phase transitions. These solutions give rise to a cusp bifurcation (Kuznetsov, 2013), leading to three distinct
regimes in parameter space: (i) a regime with a single stable solution at a fully forested state T ∗ = 1; (ii) a regime
with a single stable solution which is a mixed-state that corresponds to a savanna (0 < T ∗ < 1); (iii) a regime which
has two stable solutions, T ∗(1) = 1 and 0 < T
∗
(2) < 1, which are absorbing states for different sets of initial conditions
that are demarcated by a separatrix. The transitions between the fully forested and the savanna state are particularly
interesting. For sufficiently large values of β — i.e., large rate of seed dispersal and ensuing forest patch generation
— there is a continuous transition between the forest-dominated state (T = 1) and the savanna state (T < 1) as
13
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Figure 3: Phase transitions in the spatial BGT model. (A) Discontinuous transition for small spontaneous tree growth, pβ. The circles and
squares indicate the steady-state values of forest cover, T ∗, as the fire probability, p f , is varied. Their opacity is related to the probability of
reaching this steady state from random initial conditions T (0) = 0.1 (circles) and T (0) = 0.2 (squares). Simulations are on a 512×512 square
lattice with pβ = 2 × 10−5 and pα = 4 × 10−3. (B) Continuous transition using no propagative tree spreading (pα = 0), pβ = 0.02, and pλ = 0.1
on a 256×256 square lattice. Standard deviations are smaller than marker size. The insets shows total tree cover as a function of time (T (t)) to
illustrate the behaviour of the system at equilibrium. We observe large stochastic fluctuations in tree coverage over time close to the discontinuous
transition (panel A) that are not present in the discontinuous case (panel B). The filled green data points in the main figures corresponds to the set
of parameters used to produce the time series shown in the insets.
a function of the fire rate f (Fig. 4A). However, for β less than a critical value, βc, which can only be determined
numerically, the tree cover, T , undergoes a discontinuous jump transition instead. This discontinuity is accompanied
by both bistability and hysteresis (Fig. 4A and Appendix Fig. E.6). Thus the existence of bistability is determined in
part by which tree-growth mechanism—spontaneous growth (β) or neighbor-driven growth (α)—is more effective in
creating additional trees.
DISCUSSION
Fire spread is an inherently local process, yet is thought to drive vegetation dynamics at a regional scale (Higgins
and Scheiter, 2012; Hirota et al., 2011). Localized empirical studies have provided strong support for the hypothesis
that different rates of fire spread in savannas and forests (Hoffmann et al., 2012b) largely determine the growth and
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mortality of tree species (Hoffmann et al., 2009), which in turn can stabilize the savanna-forest boundary (Hoffmann
et al., 2012a). By modeling the different fire propagation probabilities in savannas and forests, we are able to reproduce
empirically observed patterns at both local scales (the shape and distribution of forest patches) and regional scales (the
distribution, or bimodality, of forest coverage). Thus, we connect local mechanisms of fire dynamics, which operate
on the scale of meters, to regional patterns of forest and grassland distribution, which operate on the scale of hundreds
of kilometers.
Using our spatial model, we showed that commonly observed “edge effects” (Brinck et al., 2017; Cochrane and
Laurance, 2002; Laurance et al., 2002; Uhl and Kauffman, 1990) drive the stability and fate of individual forest
patches. Importantly, the two competing processes of exposure to fire and propagative growth do not balance because
of their very different time scales. For a forest of a given size, having a large perimeter means that it is more likely
to be exposed to fire before it receives any benefit from increased tree cover due to propagative growth. Contrarily,
if too dense, a forest will not grow sufficiently quickly to offset its exposure to fire, which will lead to an increase in
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Figure 4: Phase transitions in mean-field BGT model. (A) Solution of the mean-field model that illustrates the change between a discontinuous
and continuous transition. Blue curves are stable steady states, whereas red curves are unstable solutions (missing segments go to the unphysical
regime f < 0). Note that all the interesting dynamics occur in the realistic regime of slow fire rates f and spontaneous tree growth β. (B) Nature of
the phase transition from the fully treed state (T ∗ = 1) to a mixed state (0 < T ∗ < 1) as a function of propagative and spontaneous tree growth (α
and β respectively). White markers were obtained by solving for the critical values of βc that separate the discontinuous and continuous transition
regimes. The value of αc that marks the border of the regime without transition can be derived using the Jacobian of Eqs. (1) (see Appendix). Note
that the numerical values of pβ and β (and p f and f ) do not directly correspond as the impact of the former depends on system size while the latter
is defined in an infinite mean-field system. The large range of β is shown for completeness, but in reality we would not expect β to be larger than α
(uppermost region of figure). In fact, the the rate of propagative growth α is by far the most critical mechanism discerning the regime shifts.
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perimeter by encroachment of grassland at the forest edges. The forests that do survive are those that end up with
intermediate shapes to ensure enough perimeter growth to offset their exposure to fire.
At the scale of individual forest patches, the basic questions that we addressed were: Will a given forest patch
become denser or sparser? Will it grow or will it shrink? Dense shapes (e.g., circular or square forest patches), which
correspond to the lower limit of the allowable range in Fig. 2, tend to grow in our simulations, while dendritic shapes
that correspond to the upper limit of the range, tend to shrink and/or fragment. A critical feature of this plot is that the
locus of points where the observed steady-state perimeter-area relation P ∼ Aγ holds, also corresponds to the locus
where the change in the forest perimeter and area is visually the smallest. Thus the most stable forest patches in the
spatial BGT model are those that conform to the perimeter-area relation observed in the Brazilian Cerrado (Fig. 1).
These results are virtually independent of our choice of parameters. Only extremely unrealistic regimes of β > α, i.e.
with faster dispersed growth than propagative growth, seem to produce patches with a linear perimeter-area scaling
that deviate from the empirical data (see Appendices).
Our spatial model could be a useful tool for resource managers and other stakeholders of tropical forest-savanna
systems, because of its potential to predict the fate and risk of collapse of individual forest fragments based on their
area and perimeter. This is particularly so due to our model’s lack of sensitivity to the specific parameter values. For
example, our model could be used to predict how a specific deformation, such as logging, would affect the stability of
a forest patch. However, it is also important to keep in mind that forest edges play a role beyond forest stability. For
example, edges are critical to maintaining biodiversity (Turner, 1996). Nonetheless, the validation of our predictions
for the fate of specific forest patches, using remotely sensed data with high temporal resolution, will aid in these
quantitative predictions.
At the regional scale, we found that our spatial model can exhibit either a sudden discontinuous transition, or
a steep but smooth continuous transition, from a fully forested state to a savanna ecotone when parameters change.
At this larger scale, the parameterization profoundly affects the results, in contrast, the observations for the fates
of individual patches, which were insensitive to specific parameters. Studying the mean-field version of our model
allowed us to show that this parameter sensitivity is the result of a cusp bifurcation as a function of three basic
parameters—the fire rate f , the tree propagation rate α, and the spontaneous tree growth rate β. The nature of the
transition is set by whether tree growth is dominated by propagative forest expansion, which leads to a discontinuous
transition, or by tree growth due to seed dispersal, which leads to a continuous transition. This means that factors
to increase the recruitment of new forest patches could move the system into a regime with a continuous transition.
Such an intervention would be desirable because in such a regime there is less chance of runaway shrinking of forest
cover than in the regime with a discontinuous transition. Similarly, animal species that contribute to long-distance
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seed dispersal (Nathan et al., 2008), especially into grasslands, may play a critical role in limiting discontinuous (or
critical) regime shifts.
In previous work, bimodality in the empirical distributions of regional forest cover is often used to hypothesize
bistability, and thus discontinuous transitions (criticality), in tropical forests. Our BGT model is consistent with that
interpretation since it can also exhibit a discontinuous transition. However, a continuous transition, if sufficiently steep,
could give rise to bimodality in forest cover (Fig. 3B). Thus, the empirically observed bimodality is consistent even
with our continuous transition, so this bimodality is not necessarily evidence for bistability. This critical distinction
between our model and empirical interpretations has implications for how sensitive tropical savanna-forest biomes will
be to global change (e.g., Moncrieff et al. (2014)). Empirical studies that quantify the response of various parameters
in our model, such as the rate of fire spread, the rate of local tree propagation, etc., to different climatic regimes will
allow us to predict the nature of the potential transitions (continuous or discontinuous) between forested and savanna
states.
Our parsimonious model comes with several caveats and assumptions. Strictly speaking, we have assumed that
mortality when tree sites burn is > 50%, so that even sites at 100% tree cover will fall below the threshold following a
fire. In reality, tree mortality due to fire can take on a wide range of values, but our model indirectly accounts for this
in two ways. First, a higher value of tree growth due to spreading (pα) could capture the fast regrowth of peripheral
trees that were burned but not completely killed. For this reason, some of our simulations use high pα values (‘high
α/β ratio 1’ in Table 1 corresponds to a 4.5 year time scale for tree spreading). Two, one can think of pα as the
product of the probability the trees will burn and the probability they will then die. In this sense, when we varied pα
we effectively varied the fire mortality, and found no change in results. Nonetheless, future models could explicitly
consider variability in tree mortality due to factors related to microclimate that influence fire spread and intensity, as
well as community composition (Hoffmann et al., 2009) which can vary substantially across the landscape (Pellegrini
et al., 2016).
We have also assumed spatial homogeneity in our model. For instance, all grassy areas have an equal probability
of burning, which would be the case if there was random ignition across the entire area. In other ecosystems such as
coniferous forests, it has been documented that the spread of a single fire can be quite heterogeneous due to a number of
factors (Turner, 2010). In grasslands, which experience a higher frequency of burning, we expect the heterogeneity in
the effect of a single fire ignition and spread to be reduced when multiple fire cycles are considered, because it allows
for a greater likelihood that any particular location is burned. On the other hand, local factors, such as underlying
topography or even termite mounds (Levick et al., 2010), have the potential to influence fire spread. In these cases,
spatial patterns may arise due to the distribution of edaphic features. Similarly, heterogeneity in fire ignition and
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spread in tropical forests can also be caused by their proximity to roads (Nepstad et al., 2001). Moreover, tree growth
(other than edge vs. random) is homogeneous in our model, but in the real world may depend on geographic features,
such a topology and proximity to water. Indeed, in the empirical data we observe forest patches whose shape is almost
certainly governed by geography (Appendix Fig. A.3). However, while these forests are large in area, they do not
contribute many forest patches (i.e., data points) in terms of numbers, so they do not dominate the analysis.
We have assumed binary levels of tree cover (a site is either treed or grass) and homogeneity in their composition.
Trees, especially fire adapted ones (Hoffmann et al., 2003; Rossatto et al., 2009), may be sparsely distributed through
grassy areas. Our model is consistent with this picture, provided these trees do not significantly impede fire spreading
through grass (or if they do it can be incorporated into the fire spread rate pG). Certainly there is a wide diversity
of tree types and demographic characteristics of plants could influence processes such as tree growth and fire spread.
However the edge effects that we model are general across species and communities in tropical forest-savanna biomes
(Brinck et al., 2017; Cochrane and Laurance, 2002; Laurance et al., 2002; Uhl and Kauffman, 1990). Thus a single tree
type (or a homogeneous mix) as modeled here seems adequate to address the questions at hand, but adding more detail
(e.g., Berjak and Hearne (2002); Favier et al. (2004); Yassemi et al. (2008)) may be important for other questions.
Finally, testing the generality of our model in different savanna-forest ecotones outside of South America will
provide insight into its generality. In African savanna, we may expect fundamentally different dynamics because of
the large role that elephants play in determining the distribution of savannas and forests (Asner et al., 2009, 2016).
Indeed, both elephants and fire are hypothesized to act in concert to determine alternative stable states of savanna and
forest, but unclear whether such edge effects emerge given the ability of elephants to topple large trees (Dublin et al.,
1990). In Australia, tree cover can be sensitive to changes in precipitation even in relatively wet conditions.
In conclusion, regardless of model assumptions, we have shown that the low spread rate of fires in forests and
its high spread rate in savannas plays a pervasive role in structuring the shape of forest patches across a Neotropical
savanna-forest landscape. The ability to infer the stability of an ecosystem from the growth, recruitment, and fire-
driven mortality allows us to assess the persistence of both savanna and forest landscapes. Moreover, the ability to
infer stability from the shape of forest fragments presents a potential tool for large-scale and rapid assessment of the
stability of tropical terrestrial ecosystems. Understanding the key mechanisms at play in shaping forests and their
stability will aid in predicting the future of land carbon sinks (Brinck et al., 2017; Pan et al., 2011) and biodiversity
(Alroy, 2017; Tilman et al., 1994).
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